Impurity effects on Fabry-Perot physics of ballistic carbon nanotubes 
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We present a theoretical model accounting for the anomalous Fabry-Perot pattern observed in 
the ballistic conductance of a single-wall carbon nanotubes. Using the scattering field theory, it is 
shown that the presence of a limited number of impurities along the nanotube can be identified by 
a measurement of the conductance and their position determined. Impurities can be made active or 
silent depending on the interaction with the substrate via the back-gate. The conceptual steps for 
designing a bio-molecules detector are briefly discussed. 



Introduction - Single-walled carbon-nanotubes (SWC- 
NTs) are chiral graphene tubules able to show one- 
dimensional metallic or semiconducting properties de- 
pending on their diameter and helicity [Ij. Such sys- 
tems have unique electronic and mechanical properties 
allowing for the creation of devices useful for funda- 
mental physics applications. Recently a variety of such 
nanotube-based devices, e^. single-electron transistors 
0, field-effect transistors memory cells [1] and elec- 
tromechanical devices Q , have been realized. In the non- 
interacting resonant tunneling regime (i.e. for J7/F <C 1, 
U and F being the Coulomb interaction strength and the 
tunneling coupling to the leads, respectively), a SWCNT 
behaves like an almost one dimensional ballistic wire 
where the quantum interference and the Fabry-Perot 
(FP) physics can be tested. 

A FP interferometer based on individual SWCNT has 
been studied in Ref.0j. In such devices, the nanotube 
behaves as a coherent electron wave-guide where a res- 
onant cavity is formed within nanotube-electrode inter- 
faces. As a result of the electron scattering at the inter- 
faces, the resonant cavity becomes populated by quasi- 
bound states formed by the propagating modes (left and 
right movers) inside the nanotube. The interference be- 
tween left and right movers can be controlled through a 
back-gate Vg which produces an electromagnetic phase 
shift responsible for the FP oscillations of the G-Vg char- 
acteristic, G being the differential conductance of the de- 
vice. Even though the observation of the FP interference 
is reported in Ref.^] (see Fig. 1 of that work), the G 
vs Vg curves show additional harmonics compared to the 
ones expected for an ideal FP interferometer. Recently, 
these anomalies have been interpreted as the signature 
of interaction effects 0], while in the original work the 
magnitude and position of the conductance dips were at- 
tributed to disorder effects arising from the underlying 
substrate or due to intrinsic nanotube defects. The lat- 
ter hypothesis has never been directly tested and thus a 
certain part of the experimental interpretation still needs 
clarification. 

Moreover, a recent workjsl] showed the possibility to ar- 
tificially induce defects in SWCNTs by Ar^ irradiation. 
Such disordered ID systems present random pattern of 



impurities able to confine the electrons which exhibit 
particle-in-a-box physics. 

Motivated by the recent interest towards the few-defects 
physics in SWCNTs and in more controllable systems as 
e.g. cold atoms systems "o], in this Letter we present a 
scattering field theory [10|] of the FP physics in a one- 
dimensional wire in the presence of few defects. We 
would like to account for the anomalies of the G vs Vg 
curves observed in Ref.[6,] following the original hypoth- 
esis of defect-induced modulation. Our analysis can be 
relevant to recognize and locate isolated defects in quasi- 
one-dimensional systems by a simple interferometry ex- 
periment. 

Model and Formalism - The low energy physics of a 
metallic impurity-free single-walled carbon nanotube is 
described by the Hamiltonian: 

Hq = -ihvF ^ / dx£,a : ^pi^{x)da;i^aa{x) : (1) 

a,ae{L,R} 

where V'_r(l)ct is the right (left) mover electron field with 
spin a = {t,i} and chirality ^fl. = 1 ( = —1), x is 
the longitudinal coordinate, while : O : stands for the 
normal ordering of the operator O with respect to the 
equilibrium state defined by occupied energy levels below 
the Fermi sea. When the nanotube is put in contact with 
a metal to form the source/drain electrodes, the sites 
(located at nanotube/electrode interfaces) become 
scattering centers for the electrons and a backscattering 
occurs. Accordingly, the following term is added to the 
Hamiltonian of the system [Uj: 



H, = J2 j [T,[x)^^j,^{x)^L.{x) + h.c.], (2) 

where the function Tc{x) — 2hvp X]j=i 2 ~ ^j)^3 ^^"^ 
\j is the scattering strength. 

The effect of a back gate on the electron transport can 
be taken into account by introducing a gate-dependent 
term: 

(3) 



rX2 

Hg^^ j dx[eVg{pRa + PLa)], 

which depends on the electron densities paa =■ tpl^^ipaa 
(a — L, R and spin a) in the channel (i.e. the region 
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FIG. 1: Carbon nanotube based device described in the main 
text. The position xi and X2 where the electrodes merge with 
the nanotube are scattering centers able to couple the left and 
right movers inside the channel. The back-gate Vg controls the 
electromagnetic phase kept by the electrons interfering in the 
system, while the presence of an impurity in xo affects the 
Fabry-Perot physics introducing additional harmonics to the 



xi < X < X2) and the electrostatic potential Vg of the 
back-gate. 

The presence of an impurity with effective size Is compa- 
rable to the lattice constant oq along the nanotube affects 
the electron transport causing an additional scattering at 
xq € [xi,X2] which is described by the Hamiltonian: 



H 



dx [Ti{x)i;]^^{x)'iPLaix) + h.c.], (4) 



where r/(a;) = 2hvFS{x — 2;o)Ao. 

To determine the differential conductance G of the device 
a scattering field theory a la Biittiker [loj can be imple- 
mented, while the space-time dependent electron fields 
can be obtained using the equation of motion (EOM) 
method. In absence of impurities, i.e. when Ao — >■ 0, 
the dynamics of the electron field ipaaix) far from the 
contacts is described by the equation 



[dt + ^cVFd, - ^$(x)]Va.(a;) = 0, 
in 



(5) 



where <^{x) is a step-like function which takes value 1 in 
the channel, i.e. for xi < x < X2, and elsewhere. The 
scattering fields solving ([5]) are written below: 

ljjR„{x,t) = X e^'^ CRa{E) Xi<X <X2 (6) 



bRaiE) 



X > X2 



and 



X e'^cUE) x,<x< X2 (7) 

aLcr{E) X > X2 



where = E/{hvF)- The interaction of the elec- 
trons with the delta-like potentials mimicking the con- 



tacts interface is described by imposing the appropri- 
ate boundary conditions of the scattering fields describ- 
ing the incoming and the outgoing particles. The 5- 
matrix relates the scattering fields according to b = Sk, 
where the outgoing (incoming) field vector is given by 
b = {bL^,hLi,bRf,bR^^Y (a= (a^j,, Oij^, ali., 0^^)*). The 
current operators within the scattering formalism can be 
written as follows: 



JlH) = -{\e\/h) J2 i^mit) blmit)] (8) 

jR{t) = {\e\/h)Y,[a\{t)m-Hm{t)]. 



i=3,4 



Considering that ai(t) = j dEe-'^^^/^a.^E) and using the 
quantum average {d]{E)a,{E')) = Sij6{E - E')f,{E) (/ 
being the Fermi function) for the incoming fields, one 
obtains the linear response charge current measured 
in the left lead: 



{d^fmegV,, (9) 



2J 



where the voltage bias Vj = V {-V) if j = 1,2 {j = 3, 4), 
i e {1,2], j e {!,..., 4}, while the indices are de- 

fined in Starting from Eq.® the differential conduc- 
tance G = dyJh is easily obtained. In the case of a single 
delta-like scatterer in the wire (mimicking the contact in- 
terface or an impurity) the only nonvanishing elements 
of the scattering matrix are: S12 = S21 = ^34 = 543 = 
-2z7/(I-l-72), Su = S41 = 523 = 532 = (l-7')/(l+7'), 



where 7 = Xj. The formalism described so far can be 
easily generalized to the n-impurities case by composi- 
tion law of scattering matrices as given e.g. in Ref. 13 1. 
In this way the charge transport through a SWCNT can 
be studied in the quasi-ballistic regime. Below we focus 
on the case of three scatterers in the zero-temperature 
limit. 

Results - Our approach is employed to analyze the exper- 
imental data presented in Ref.jy] where the FP physics 
has been shown by the measure of the differential con- 
ductance of a single-walled carbon nanotube. For an 
open ballistic channel the zero-bias conductance is NGq 
where Gq = /h is the quantum of conductance and N 
the number of modes. Thus one expects that in the ab- 
sence of scattering events the ballistic conductance of a 
SWCNT is 4e^//i; however in the presence of non-ideal 
contacts or of the interaction with substrate impurities, 
back-scattering events reduce the transmission probabil- 
ity of the system. In order to understand such effects on 
the differential conductance we take Aq = Ai = A2 = 7 
and focus on the high transparency limit (i.e. 7^1) 
which seems to be appropriate for the experiment re- 
ported in Ref. Q . Under these assumptions the analytical 
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expression of the conductance to the order 7^ is 



G/Go 



4 - 167-^ 



3 + 2cos(2$3) 



(10) 



2 cos(2$<,(7 - 1)) + 2 cos(2$<,j) +0(7^) 



where the gate-induced electromagnetic phase is defined 
as $g = eVgL/{hvF), while y is a dimensionless factor 
measuring the position of the impurity normalized to the 
total length L of the nanotube. Ea. ([TO| shows that the 
FP physics is controlled by the back-gate Vg . Differently 
from the impurity-free case, the gate-induced oscillations 
of G{^g) include the terms cos(2$g/3), /3 e {y,y- 1}, 
which collapse into the usual cos(2$g) when /3 = or 1, 
i.e. for an impurity residing on the left or the right con- 
tact. The properties reported above imply that a carbon- 
nanotube with an impurity behaves like a sequence of 
two FP interferometers of length yL and (1 — y)L, re- 
spectively. Since a sequence of n FP interferometers can 
be used to design systems with special optical proper- 
ties, one can expect that controlling the introduction of 
impurities in ballistic nanotubes can be useful in obtain- 
ing quantum devices with controllable electronic prop- 
erties. A work on the effects of defects produced in 
CNT by means of Ar^ irradiation recently appeared 
even though only random patterns of impurities were ob- 
tained. 

In Figl2] we compare our results with the FP pattern 
observed in Fig.l of Ref.[6| and reproduced in the lower 
panel of Figl^l In order to achieve a quantitative compar- 
ison with experimental data, we introduce the contacts 
conductance, i.e. Gi and G2, which takes into account 
the renormalization of the electrons tunneling in the nan- 
otube, while the conductance G of the whole system is 
obtained by the composition law: 
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(11) 



where Gnt is the differential conductance (in units of 
Go ~ e^/ft.) of the SWCNT as computed using the pre- 
vious scattering model, while z is the contacts trans- 
parency, z — Go(Gi -I- G2)(GiG2)^^. In the upper 
panel of Figl2] we report the differential conductance G 
(in unit of e^/ft.) vs Vg using the following set of pa- 
rameters: 7 = 0.05, y = 0.4465, $g = ^viVg - V^), 
nv = 4.65/1/, V° = -2.07 V, z = 0.057. By compar- 
ing the upper and lower panel of Fig l2] the modulation of 
the maxima and minima, the oscillation period and the 
general qualitative features of the experimental G vs Vg 
curve are correctly reproduced. As for the fitting param- 
eters, z — 0.057 corresponds to a contact conductance 
Gi ~ G2 = Gc ~ 30e^//i. This value is consistent with 
the one usually found in carbon-based mesoscopic sys- 
tems • The other fitting parameter is y which fixes the 
position of the scattering center at distance 0.447L from 
the left lead (see FigH]), while the scattering strength is 
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FIG. 2: Upper panel: Differential conductance G (in unit 
of e^/h) vs Vg using the following parameters: 7 = 0.05, 
y = 0.4465, -I-g = QviVg - V°), Qv = 4.65/1/, V° = -2.07 
V, z = 0.057. Lower panel: Experimental data as extracted 
by Fig.l of Ref.[|. 



7 = 0.05, which is quite weak and consistent with the 
high value of the differential conductance of the device. 
Let us note that in general the scattering strength of the 
impurities depends on the back-gate Vg [l^, and thus 
by varying Vg one can observe the activation (switching 
off) of an impurity previously silent (active). This phe- 
nomenon can be detected by the deformation of the inter- 
ference pattern and the appearance of additional unusual 
features. In the above analysis the relation between the 
electromagnetic phase 4>g and the back-gate Vg has been 
taken of the form $g = ilY{Vg — Vg) to describe the linear 
electromagnetic response of the substrate to the applied 
potential Vg around the working point defined by Vg. In- 
deed, Vg — Vg represents an effective potential that takes 
into account charge trapping at the oxide-nanotube inter- 
face. When the parameter fiy is compared to eL/{hvF), 
i.e. the value of ^g/Vg, the relation fiy = eL-q/{hvF) 
is correctly found. The dimensionless factor 77 « 10~^ is 
known as gate efficiency [l^ and represents the fraction of 
applied back-gate voltage felt by the SWCNT electrons. 
In Fig 13] we report the density plot of the differential con- 
ductance G (in unit of e^//i) in the plane {Vg, y) obtained 
by fixing the model parameters as done in Figl2]and vary- 
ing the impurity position. As evident from the analysis 
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FIG. 3: Density plot of the difTerential conductance G (in 
unit of /h) in the plane {Vg,y) obtained by fixing the model 
parameters as done in Fig[2] One can notice the modulation 
of the FP pattern as a function of the impurity position y. 

of that figure, the FP pattern is strongly affected by the 
impurity position y. The impurities located close to the 
leads, i.e. for < y < 0.05 or 0.95 < y < 1, only cause 
a lowering of the effective contacts transparency without 
introducing important changes in the FP curves. Impuri- 
ties located in the channel, i.e. for 0.2 < y < 0.8, induce 
modifications in the G vs Vg curves (as the location and 
amplitude of the dips) and thus their presence can be 
easily detected. The mentioned properties could also be 
useful to design electrically-readable sensors where a cer- 
tain number of sites along the nanotube behave like in- 
structed impurities. Such impurities can be of two types, 
active or silent, depending on the interaction with the en- 
vironment (chemical or biological) [t?] . Finally we point 
out that the results shown in Fig|3]are similar to the ones 
obtained in Ref. 8] where the atomic structure and chi- 
rality of the SWCNT were fully taken into account. 
Conclusions - We presented a scattering theory d la 
Biittiker accounting for the FP pattern measured in bal- 
listic SWCNTs with a limited number of impurities. Us- 
ing our theoretical model, we were able to reproduce the 
experimental data reported in Ref.0 offering a quanti- 
tative test for an impurity-modulated FP pattern in the 
G-Vg characteristic. We provided an alternative explana- 
tion of the experimental data compared to the ones given 
in Ref.Q- Thus, the present work adds supplementary 



information useful in understanding interferences effects 
in carbon-based resonant cavities. On the pratical point 
of view, the sensible dependence of the differential con- 
ductance on the impurities position could be a useful 
ingredient in designing biological sensors. 
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